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Abstract. Discussion of the equatorial photon motion in Kerr-Newman black- 
hole and naked-singularity spacetimes with a non-zero cosmological constant is 
presented. Both repulsive and attractive cosmological constants are considered. 
An appropriate 'effective potential' governing the photon radial motion is defined, 
circular photon orbits are determined, and their stability with respect to radial 
perturbations is established. The spacetimes are divided into separated classes 
according to the properties of the 'effective potential'. There is a special class 
of Kerr-Newman— de Sitter black-hole spacetimes with the restricted repulsive 
barrier. In such spacetimes, photons with high positive and all negative values 
of their impact parameter can travel freely between the outer black-hole horizon 
and the cosmological horizon due to an interplay between the rotation of the 
source and the cosmological repulsion. It is shown that this type of behavior of 
the photon motion is connected to an unusual relation between the values of the 
impact parameters of the photons and their directional angles relative to outward 
radial direction as measured in the locally non-rotating frames. Surprisingly, 
some photons counterrotating in these frames have positive impact parameter. 
Such photons can be both escaping or captured in the black-hole spacetimes with 
the restricted repulsive barrier. For the black-hole spacetimes with a standard, 
divergent repulsive barrier of the equatorial photon motion, the counterrotating 
photons with positive impact parameters must all be captured from the region 
near the black-hole outer horizon as in the case of Kerr black holes, while they 
all escape from the region near the cosmological horizon. Further, the azimuthal 
motion is discussed and photon trajectories are given in typical situations. It is 
shown that for some photons with negative impact parameter turning points of 
their azimuthal motion can exist. 
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1. Introduction 

The Kerr-Newman-de Sitter and Kerr-Newman-anti-de Sitter solutions of Einstein- 
-Maxwell equations represent black holes and naked singularities in spacetimes with 
a non-zero cosmological constant A. For a repulsive cosmological constant, A > 0, the 
geometry is asymptotically de Sitter, and, generally, contains a cosmological horizon 
behind which the geometry must be dynamic. For an attractive cosmological constant, 
A < 0, the geometry is asymptotically anti-de Sitter, and can contain black-hole 
horizons only. 

A wide variety of recent cosmological observations, including, e.g., measurements 
of the present value of the Hubble parameter, measurements of the anisotropy of 
the cosmic relic radiation, statistics of the gravitational lensing of quasars and active 
galactic nuclei, and the high-redshift supernovae, suggest that in the framework of the 
inflationary cosmology a non-zero repulsive cosmological constant A > has to be 
considered seriously in order to explain properties of the presently observed universe 

On the other hand, it was recognized recently that the anti-de Sitter spacetime 
plays an important role in the multidimensional string theory [SI [HI [7]. Therefore, 
solutions of the Einstein-Maxwell equations with both positive and negative values of 
the cosmological constant deserve attention. 

Properties of the Kerr-Newman spacetimes with a non-zero cosmological constant 
are appropriately described by their geodesic structure which determines motion of test 
particles and photons. The motion of photons in the symmetry plane (the equatorial 
plane) of these spacetimes can be considered as a relatively simple and easily tractable 
case giving results illustrating the geometric structure in a highly representative way. 
We shall discuss the properties of the equatorial photon motion for both the black-hole 
and naked-singularity spacetimes with both the repulsive and attractive cosmological 
constant. 

In Kerr-Newman-de Sitter black-hole spacetimes with appropriately tuned 
parameters, an unusual effect exists due to the interplay between the rotation of 
the black hole and the cosmological repulsion |9]; a restricted repulsive barrier 
of the equatorial photon motion permits photons with sufhciently high positive 
and all negative values of the impact parameter to move freely between the black 
hole and cosmological horizons. No such effect exists in the spherically symmetric 
Schwarzschild-de Sitter and Reissner-Nordstrom-de Sitter spacetimes, where the 
repulsive barrier always diverges at the black-hole and cosmological horizons. In 
Kerr-Newman-de Sitter black-hole spacetimes with a standard, divergent repulsive 
barrier, the barrier diverges at two radii between the outer black-hole and cosmological 
horizons. We shall show that the effect of the restricted repulsive barrier is related 
to the fact that the constants of motion and impact parameter of photons have other 
asymptotic meaning that we are accustomed to. 

The plan of the paper is the following. In Section [21 the radial equation of the 
equatorial photon motion is discussed. Properties of the radial motion are given in 
terms of an 'effective potential' related to an appropriately defined impact parameter, 
and circular photon orbits, corresponding to local extrema of the effective potential, 
are determined for arbitrary values of the parameters of the spacetimes. In Section [21 
the Kerr-Newman-de Sitter and Kerr-Newman-anti-de Sitter spacetimes are classified 
according to the properties of the effective potential of the equatorial photon motion 
which reflects in an appropriate way the properties of the spacetime geometry. As 
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the criteria for the classification we use the number of event horizons, the number of 
circular photon orbits, and the number of divergent points of the effective potential. In 
Section [4l relation between the impact parameter of the equatorial photons and their 
directional angle relative to the outward radial direction as measured by the family 
of locally non-rotating observers is determined. The directions corresponding to the 
captured photons, and the counterrotating photons with positive impact parameter, 
are established, and related for the Kerr black hole and Kerr-de Sitter black holes with 
both divergent and restricted repulsive barriers. In Section El the azimuthal equation 
of the equatorial photon motion is considered, and the trajectories of photons are 
given is some representative cases. Concluding remarks are presented in Section [S] 



2. The radial motion 



In the standard Boyer-Lindquist coordinates with geometric units (c = G = 1), the 
Kerr-Newman geometry with a non-zero cosmological constant A is described by the 
line element 

= _ A_ (dt - a sin2 ed^f+ f f ^ [a dt - (r^ + a^) Ac^f 



where 



A, = (1- iAr^) (r2+a2)_2Mr + e2, (2) 

Ae = 1 + \Ka^ cos^ 6, (3) 

7=1 + iAa^, (4) 

p2 ^ + cos^ e. (5) 

Here, M is the mass parameter of the spacetime, a is its specific angular momentum 
(a = J/M), and e is its electric charge. Note that the following analysis of the photon 
equatorial motion holds for dyonic spacetimes as well, since the magnetic monopole 
charge p enters the geometry ((!]) in the same way as the electric charge e. Therefore, 
can be simply replaced by +p^. It is convenient to use dimcnsionless coordinates 
and parameters. Therefore, we define a new parameter 

y=iAA/2, (6) 

and we redefine the following quantities: s/M s, t/M — > t, r/M — > r, a/M a, 
e/M — > e, i.e., we express all of these quantities in units of M. This is equivalent to 
putting M = 1, and leads to 

Ar = {l-yr^){r^ +a^)-2r + e^, (7) 
Ae = 1 + ya^ cos^ 0, (8) 
I=l + ya^- (9) 

equation ([5]) remains the same. 

The equations of motion of test particles and photons in the Kerr-Newman 
spacetimes with a non-zero cosmological constant were in the integrated and separated 
form given by Carter [lOl . Using the results of the discussion of the latitudinal motion 
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[llj , the radial equation of motion along equatorial null geodesies can be given in the 
form (see Eq. (10) in [U]) 

d \ ^ 1 

^-R{r;y,a,e), (10) 



with 

R{r;y,a,e) = {[{r^ + a'^)E - a<i>]^ - AriaE - ^)^} , (11) 

where E and $ are the constants of motion connected with symmetries of the geometry 
([T]). They can be expressed as projections of photon's 4- momentum onto the time 
Killing vector ^(jj = d/dt and the axial Killing vector ^(0) = d/d(p, respectively; 
A is the afiine parameter along the null geodesies. Recall that the constants of 
motion E and $ cannot here be interpreted as energy and the axial component of 
the angular momentum at infinity, since the geometry ([T]) is not asymptotically flat. 
For the equatorial motion of photons, the last constant of motion, connected with 
the total angular momentum of the particle, must be restricted by the condition 
K ~ P{aE — <i>)^, due to the equation of the latitudinal motion [Tl]. In this form it 
enters the equation of the radial motion (fTT|) . 

The motion of photons is independent of the constant of motion E. The equatorial 
motion is fully governed by the impact parameter I = (i? 7^ 0). However, it is 

convenient to analyze the radial motion of photons in terms of a redefined impact 
parameter 

X=%~a = i-a. (12) 
E 

Then 

R{r; y, a, e, E, X) = I^E^ [(r^ - aXf - A^X^] ; (13) 

clearly, at the dynamic regions, where < 0, there is R{r) > 0, and the radial 
motion has no turning points there. At the stationary regions, where A^ > 0, the 
turning points of the radial motion, where R = 0, are determined by the 'effective 
potential' 

X±{r;y,a,e) = "-j^, (14) 

a =p V Ar 

which can be analyzed in a relatively simple way. We will assume a > in the 
following. 

At the regions, where — Ar > (and X+ > 0), the radial motion is allowed, if 

X > X+{r;y,a,e) or X < X^{r;y,a,e). (15) 

At the regions, where — A^ < (and X+ < 0), the radial motion is allowed, if 

X > X+{r;y,a,e) and X < X^{r;y,a,e). (16) 

We have to determine the behavior of the effective potential given by the functions 
-'^±(''; 2/1 O) e). It is necessary to find the regions of reality of the potential, its local 
extrema and its divergences. We shall use a 'Chinese boxes' technique; properties 
of the potentials are given by families of functions of r and the parameters of the 
geometry {y,a,e), the properties of these families of functions are given by other 
families of functions of r with the number of parameters lowered by 1, until we get 
a function of single r. We shall concentrate on the behavior of the potential in the 
regions of r > 0. 
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First, we consider the reality of the effective potential X±{r; y, a, e). Clearly, the 
potential is well defined in the stationary regions (A^ > 0) only. At the boundaries 
of the stationary regions, if they exist, i.e., at the event horizons of the geometry 
(Ar = 0), the common points of X^{r;y,a,e) and X_(r;j/, a, e) are located. One 
more common point is at r 0; it is the only point where X± = 0. The functions 
Ar_|_(r; y, a, e) and X^{r;y,a,e) have no other zero point. At the horizons (r = rh), 
there is 

^±(rh) = ^. (17) 
a 

The loci of the event horizons are determined by the condition 

— 2r + + 

y ^yi,{r;a,e) = j-^- — ^ . (18) 

The function yh(r;a, e) diverges at r = 0, while it approaches zero from above for 
r — > 00. If > and/or > 0, j/h ^ 00 for r — > 0. In the special case = = 
(in the Schwarzschild-de Sitter geometry) yh —00 for r ^ 0. 
Zeros of the function yhir; a, e) are determined by the relation 

a^^al^^^ir;e) = 2r-r^-e'. (19) 

The function o-^^i^^i^'i ^) determines loci of the horizons of the Kerr-Newman black 
holes with a zero cosmological constant. Zeros of the function a'^^y^^{r; e) are given by 
the relation 

e' = e,%(h))(r)^r(2-r), (20) 

determining loci of the horizons of the Reissner-Nordstrom black holes. [All the 
characteristic functions will be denoted in this straightforward, although rather 
lengthy way. However, this way enables one to obtain an immediate orientation in 
relations between the families of the characteristic functions.] The maximum of the 
function a^^jjj(r; e) is at r = 1, where = 1 — e^. This corresponds to the extreme 
Kerr-Newman black holes. The motion of photons in the Kerr-Newman spacetimes 
was extensively discussed in [T2| and [O] . 

The local extrema of the function yh{r; a, e) are determined (due to the condition 
dyh/dr = 0) by the relation 

= «ex(h)±(re) = \{-2r^ + r-e^ 

± [r2(8r + l)-e2(4r2 + 2r-e2)]'/'}. (21) 
The reality condition of the functions acx(h)±(''' 

> 4cx(h))+, (22) 
< e?(cx(ii))-' (23) 

where 



e?(cx(h)±)(^) ^ ^ {2r + 1 ± 2[r(r - l)]!/^} . (24) 



Zero points of acxfh')±(^' ^) determined by the condition 



-'cx(h)± 

e' = e2(„,(h))(r)^ir(3-r). (25) 
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and the extremal points are given by the relation 

= e2,(^,(h))± W = Ir {-16r' + 24r + 11 ± |4r - l||4r - 5|} . (26) 

Due to the asymptotic behaviour of yh{r]a,e), at least one event horizon (a 
cosmological horizon) exists in the spacetimes with y > 0. If fixed values of a and e 
permit the existence of local extrema of the function y\i{r;a,e), other horizons exist 
for y located between the local extrema. Therefore, the Kerr~Newman-de Sitter 
spacetimes can contain two black-hole horizons at r_ (the inner one) and r_|_ (the 
outer one), and a cosmological horizon at Tc (r_ < Tc < r+). If the local minimum 
2/,„in(a,e) enters the region of y < 0, Kerr-Newman-anti-de Sitter black holes with 
two horizons at r„ and r+ can exist, if j/min < 2/ < 0. (Detailed discussion of the 
properties of the horizons will be presented in the next section.) 

The local extrema of the effective potential determine the loci and impact 
parameters of circular photon orbits. They are given by the condition dX±/dr = 0, 
which implies the equation 

-4r(a2 +36^) +4e2(a2 + e2) =0. (27) 

The extrema are, therefore, determined by the relation 

y = ycx±{r;a,e) EE ^— 



X {- (r^ + 3r - 2e2) ± 2 [r (Sr^ + a^) - {2r^ + a")] . (28) 

Now, we shall give the relevant properties of the functions yox±(?'; a, e). For r 00, 
both j/cx± ^ Reality of these functions is determined by the relations 

^2/ >«?(cx)(^;e) iir>e^ 



where 



<ex)('^;e)^ — (30) 



The divergence of this function is given by 

= ed(r(cx))W = (31) 

and a^(gx) ^ +oo(— cx)) for r ^ from below (above). Zero points of ar(cx)('''^) ^-"^^ 
determined by the relation 

e' = e^(^(,,))(r)^|r. (32) 
One local extremum of a^j-^x) is at r = 1 for each e, the others are determined by 

= eox(r(ox))+ = 2?^, (33) 

^ — '3cx(r(cx))- = i^- (34) 

One can immediately see that a}, ^ < at r > e^, and the upper reality condition 
(|29p is always satisfied at r > e^. Thus, we have to consider only the lower reality 
condition p9|) . restricted to r < e^. There are no divergent points of the functions 
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yex±{r;a,e). Their zero points, which determine photon circular orbits of the Kerr- 
-Newman spacetimes, are given by 

^' = <ex)(r;e)^ ^ 4(,_,2) • (35) 
For divergent points of the function a^(gx) ^® ^^'^ 

2 I 
2d(z(ex))V 



= ed(z(ex))('') 



= e^(r(ex))W, (36) 

and a^(gx) ~* +oo(— oo) for r — > from above (below). Its zero points are given by 

e' = ez(z(ex))(r-) = |r-(3-r) 

= e^(ex(h))(r-)- (37) 
One of its extreme points is located at r = 1 for any value of e; the others are given 
by 



— ^ex(z(ex))l(^) = f 



ex(z(ex)) 

ex(r(ex)) 



= eex(r(ex))-(f-)> (38) 



and 



2 „2 



e =e 



■ex(z(ex))2('') = 5^(3 - r) 



— ez(z(ex))(^) — ez(ex(h))- (39) 

Therefore, the zero points of al^Q^-^{r;e) are also extreme points of this function. For 
= |, there is an inflex point of a^^g^) at r = 1. We shall see that the value of = | 

plays an important role in the character of the photon equatorial motion. If > |, 
the function a^(pj,) ^'^'^ ^^'^ positive cxtrcmum at r < 1, and it has a minimum at r = 1. 
If < |, it has a minimum at r < 1, and a maximum at r = 1. In the special case 
of = 1, there is 

<ex)(r-;l) = i(r--l)(r-2)2, (40) 

and the function a^^g^) divergent points. 

Since 

-Q^ = (3^ - 4e ) 

{ [r(3r2 + a^) - e^{2r^ + a^)] t (r' + a^)} 
^ a2r3[r(3r2+a2)_e2(2r2 + a2)]^/^ 

we can immediately see that the function j/ex+(r; a, e) has local extrema given by the 
condition 



(41) 



2 2 

— "ex(ex)± 



(r;e) = ^^^^ - 2r^ + r - 

± [r^{8r + 1) - (Ar^ + 2r - e^)] } 

= «ex(h)±(^;e). (42) 
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Therefore, the local extrema of the functions yh{r,a,e) and j/ex+ a, e) coincide. 
Moreover, both yex+(''; a, e) and yex-{r;a,e) have an extreme point determined by 
the relation 

= eex((ex)±)(^) = jr 

= 6gx(z(ex))l('') = 6(ex(r(ex))-- (^3) 

Clearly, yc-x_-{r = |e^;e) is always a minimum. Because the cxtrcma of yc-ic+{r,a,e) 
coincide with the extrema of yii{r,a,e) at some rex(h)! can conclude that if 
t/h(r; a, e) has two extreme points, the function yex+{r; a, e) has three extreme points. 
If ycx+ii" = |e^; e) is a maximum, then ycx+{f = '"min(h); g) must be a minimum, and 
circular photon orbits can exist under the inner horizon of black holes (with both 
y > and y < 0). If yex+{r = |e^; e) is a minimum, then yex+{r = rminjh); e) must be 
a maximum, and two additional circular photon orbits can exist in the field of naked 
singularities. 

It is easy to determine the character of the extreme point of yex+lj'ia, e) at 
r = |e^. We can find that at r = there is 

-^:-^^'' = ¥ ;e) 

3 { [r(3r2 + a?) - e^{2r^ + a")] ^'^ T (r^ + a^)} 
aVS [r(3r2 + a2) - e2(2r2 + a2)]^/2 
and, substituting for r = le^, the condition 

%±(r = |e^;e)<0, (45) 

can be put into the form 

81a'' + 9e2(32e2 - 3)0^ + ■i2e^{Se^ - 9) > 0. (46) 
The inflex point {d'^yeK±/dr'^{r = fe^; e) = 0) is given by the relation 

= af„f±(e) = -^e^ [3 - 32e^ ± V3(320e2 + 3)1 . (47) 
18 L J 

There is af^i_{e) < for < 0; zeros of af^f^{e) are at = 0, and = |. The 
maximum of this function is 

aLx(inf+) = 0.2666. (48) 



(44) 



max(inf+) 

The maxima of yex+{r;a,e) at r = ^e^ {d^yex±/dr'^{r = \e^;e) < 0) are determined 
by the conditions 

> a2„f+(e), (49) 

< <f-(e), (50) 

while for the minima {d'^yex±/dr'^{r = |e^;e) > 0) we arrive at 

afnf- <a^ < <f+. (51) 

Finally, let us determine divergent points of the effective potential. Only 
X+(r; y, a, e) can diverge; the loci of the divergent points are given by the relation 

— 2r + 

y = yd{r;a,e)= . (52) 

r^(r^ + a^) 
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For r — > 00, this function goes to zero from above; clearly, there is yh{r;a,e) > 
yd{r;a,e). The divergence of yd{r;a,e) occurs at r = 0. Notice that if > 0, 
yd{r 0) ^ 00, while for e = 0, yd{r ^ 0) ^ —00. (The case of e = is discussed in 
0.) 

Zeros of the function yd{r; a, e) are independent of the parameter a; 
e' = ez(d)W = K2-r) 

= ez(z(h))W- (53) 
The local extrema of the function yd(^; ci, e) are determined by 

= «ex(d) e) ^ (^_^2) ■ (54) 



Divergent points of acx(d)(''' ^) ^'"^ given by 

'd(cx(d))V 



= e^. ,^..(r) = r 



— '^d(r('ox'))('') — '5d(z(ox))(^)- (55) 



"d(r(ox)) V ; — Cd(z(ox)) 

In the special case of e = 1, there is no divergent point since 



«cx(d)(rl)='^n^-l)- (56) 
Zero points of the function acx(d)(''' ^) located where 
= e^(^x(d))(0 = ^''(3-'^) 



6z(z(ex'))('') — ^l(ex(h))i''') " '^cxfzfcx'l~12 ('') ' (5^) 



z(z(ex))V' I — t;z(ex(h))V' ) — '-cx(z(cx))2 

and its local extrema are determined by the relation 

1 



= e2^(cx(d))±(^) = § { + 11'- ± 4r 



5 



(58) 



Now, we can discuss properties of the photon equatorial motion using the 
formulae presented above. The properties enable us to classify the spacetimes under 
consideration. 



3. Classification of the spacetimes 

We propose a classification of the Kerr-Newman-de Sitter and Kerr-Newman-anti- 
-de Sitter spacetimes according to the properties of the effective potential X±(r \ y, a, e) 
governing photon motion in the equatorial plane. The classification will arise from a 
systematic study of the properties of the functions given in the preceding section. The 
crucial features of the classification will be the number of event horizons present in 
these spacetimes, the number of divergences of the effective potential, the number of 
its local extrema, governing loci and impact parameters of circular photon geodesies, 
and its asymptotic behavior. 

All the characteristic functions e^(r) 

• '^?(cx(h))±('")' 

• '^z(ox(h))('") ^ '^z(z(cx))(^) ^ ^ex(z(ex))2('') ^ '^z(ox(d)) ('') ' 

• '^cx(ox(h))±(^)' 

• e'(,(h))(0 =e^(d)(0, 
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• Sd(r(ex))('') = 6d(z(ex))(0 = 6d(ex(d)) (^) ' 

• ^z(r(ox))(^)' 

• '^cx(r(cx))-('') = '^cx(z(ex))l(^) = '^ex(ex)± (^) ' 

• ^cx(cx(d))±('')' 

• ^ex(r(ex))+(^')' 

which are relevant in order to determine the properties of the characteristic functions 
a^(r; e) 




r 



Figure 1. The characteristic functions e^(r) governing the reality conditions 
(event horizons), local extrema and divergent points of the effective potential 
of the equatorial photon motion in the Kerr— Newman spacetimes with a non- 
zero cosmological constant. The functions Sgx(ex{h))± ^''^ ^'^^ represented by the 
bold solid curves; their linear part represents also the function eex(r(ex))+('')' 
The functions 6r(ox(h))±('') ^'^^ represented by the bold dotted curve. The 
bold dashed-dotted curve represents the functions e^, ,, ,,(r) = e^, , ss(r) = 

^ z(cx(h))^ ' z(z(ex))^ 

, , ss„(r) = e^, ,,^^(r). The functions , /.^^ , (r) are represented by 

ex(z(ex))2^ z(ex(d))^ '' extexfdjji*' ^ f j 

the thin solid curves; the linear part of them corresponds also to the functions 

, , (r) = , , = ('^ n the parabolic part corresponds also 

cx{r{cx))— ^ ' cx{z(cx))i^ ' cx((cx)±)^ n f f f 

to the functions e2(z(h))('') ~ ^z(d) ^^'^ function 6^(r(ex)) represented 
by the thin dotted line. The functions e\, , ,Ar\ = ej., , „(r) = Cj, ,,^Ar) 

d(r(ex))^ ' d(z(ex))^ ' d(ex(d))^ ' 

are represented by the thin dashed-dotted line. The inflex points of the function 
j/h()'; o, e) are given by the branch of the function eex(ex(h))- ^o'^^'ted at r > 1.5 
and < I (emphasized by extra bold curve), where Ogx(h)+(''' ^) ^ ^' "^^^ inflex 
points o{ y^\(r\ a\ e) are given by the function e^^^^^^j^j^^ (r) at r > 1.5 and > ^, 
i.e., outside the region of existence of black-hole horizons. 
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are illustrated in Fig.[T] Of course, we must restrict ourselves to the relevant regions, 
where the characteristic functions e^(r), and a^(r;e) are non- negative. 

It follows from the behavior of the characteristic functions e^(r) that there are 
four qualitatively different cases of the behavior of the characteristic functions a^(r; e) 
at the relevant region of > 0. We denote them in the following way: 

(A) e2 < 3 ^ (C) 1< e2 < I , 

(B) I < e2 < 1 , (D) > |. 

The behavior of the characteristic functions a^(r;e) is for the cases A-D 
demonstrated in Figs [2k~d. The limiting situations, corresponding to equalities in 
conditions A-D, can be inferred in a straightforward way, and are related to continuous 
changes of these characteristic functions. 

The characteristic functions enable us to determine the behavior of the functions 
yh{r;a,e), yex±{,r;a,e), yd(r]a,e). However, in order to find the regions of the 
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Figure 2. The sequence of characteristic functions o?{r; e) determining behavior 
of functions y^{r;a\e), yeyi±{r\a;e), y^{r\a\e) characterizing properties of the 
effective potential of the equatorial photon motion. The functions are drawn 
in the physically relevant part a?{r) > only: a^^^j^j are drawn as bold solid 

curves, a'^,,, as bold dashed curves, , ., as thin solid curves, a^, , as thin 

z{h) ex[a) z(cx) 

dashed curves, and o?^^^-^ as thin dashed-dotted curves. The sequence covers all 
the qualitatively different cases (A)-(D) of the behavior of the functions a^(r;e) 
in the dependence on the parameter e, as determined in Section |3] The following 
values of parameter e are used: (a) = 0.5, (b) e-^ = 0.95, (c) = 1.1, 
(d) e2 = 1.5. 
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parameter corresponding to different cases of the behavior of yh, ?/ox±, 2/dj we 



need the functions 



'inf+ 



v*^)' '^ox(z(ox)) 



<(z(h)) 



(^)' ^max(cx(h)+) 



('5)' °'min(ex(d))('^)' 



which are drawn in Fig. [31 The function af^f^{e) is given by the relation (|47p . Further, 
we can easily find that for the extreme point of a,'^(^^^^{r; e) at r = there is 



a: 



cx(z(cx)) \ 



and for a'^^y^^{r; e) at r = 1 there is 



^max(z(h)) 



1 



e2. 



(59) 



(60) 



Clearly, 



.(z(h)) 



(e) governs the extremal Kerr-Newman black holes, and, together 



with the function a^x(z(cx))(^) yields the classification of the equatorial photon motion 
in the Kerr-Newman backgrounds [12l[T3]. The function aniax(cx(h))+(^) implicitly 
given in a parametric form by al^^y^^_^_{r;e), and e^^^^^^j^^^ 

''min(cx(d)) 



parameter. Similarly, the function aminrcxfd~i'i(^) determined by al^t^^if", e), and 



(r) with r being the 

ox(d)( 



Scx(ox(d))+(^); we find 



^„..n(cx(d))(e)^2(|) e''(8e^-9)^. (61) 

Further, it is useful to establish the common points of yex+ir', a, e) and ydir;a,e). 
They are determined by two conditions: 

_ a^r + r^(3 — r) 



--(d-ex) + 



(r;a) 



2r2 



(62) 




0.125 0.25 0.375 0.5 0.625 0.75 0.875 



1.125 1.25 



Figure 3. The functions a,?^^^{e^) (bold solid curve), i^x(z(ex)) (bold dashed 
curve), , ,, ,,(e^) (bold dotted curve), , , (e^) (thin solid curve), 

^' max(z(h}} ^ ' ^ " max(cx(h))+ ^ ^ ^ " 

and . , ,.,,(e^) (thin dashed curve), determininEr behavior of the functions 
yh{r;a,e), yex±(r-; a, e), ya{r;a,e) 
separates the black-hole and naked-singularity Kerr-Newman spacetimes in the 
parameter space (a^-e^), and by itself corresponds to Kerr-Newman extreme black 



Note that the function , \\(e'^) 



holes. Similarly, the function a 



:(z{ex)) 



(e ) separates the regions of the Kerr— 



—Newman spacetimes admitting different number of circular photon geodesies. 
On the other hand, the function a} , , (e'^) represents the limiting values 

of parameters a^, allowing the existence of the Kerr-Newman— de Sitter 
black holes (with y tuned appropriately); above this function, naked-singularity 
spacetimes exist for any y > 0. 
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2 2 

6=6/ 



-4a^ + a^r{l-Ar) + r'{3-r) 
=(d-cx)-('^; a) = 2r^+a2 ' ^^^^ 

However, the condition (I54|l for the cxtrcma of yci{r;a,e) can be transferred into the 
form 

^Ud)ir;a)^^-^^-^. (64) 

Clearly, the intersections determined by the first condition ([S^ are just at the extrema 
of the function yfi(r;a,e). The intersections determined by the second condition (|63p 
are irrelevant for the character of the photon equatorial motion. 

Now, using Figs m and O the behavior of the functions yh{r;a,e), j/ex±(^; e), 
ydif", a, e) can be given in the following exhaustive scheme. [However, we must stress 
that in some of the following cases, there are variants of the behavior of these functions, 
determined by different relations between their extremal values than are those shown 
in the corresponding figures. These variant cases will not be drawn explicitly. We will 
only point out, which variants should be considered in the explicitly illustrated cases.] 

(A) e2 < 3/4 

(a) a2 < a2„f+ (Fig.Hi) 

(b) al,^ <a^< a2^(,(^^)) (Fig.Hb) 

(C) aex(z(cx)) < < <ax(z(h)) = 1 " (Fig.Eh) 

(d) 1 - 6^ = aLx(z(h)) < a' < <ax(cx(h))+ (Fig-Hi) 

(e) <ax(cx(h))+ < (FigS) 

In the case Aa one has to compare yrnin(d)(i, 6) with 2/min(ox+)(a,c)- The function 
2/min(d)(aj e) is givcn implicitly in a parametric way by (d)(''' ^) ^^'^ Vdif", o-, e), with 

1/2-1 



r being the parameter. On the other hand, at r = |6^ the minima of yox±(f'; a, e) at 
r = (or maximum of ycx+, for > af^f,) are determined by the functions 



yox(ox)±(a,6) 



2„2 



-1 ± 



326^ 



9 V 9 3e2 



(65) 



The minimum yrnin(cx)+(fl7 ^-nd maxima j/rnax(ox)+(fl7 ^) ^-re separated by the function 
a?jf^(e). In the case Ac the function j/max(ox+)(^Ji c) have to be related with 
ymax(d)(a, e) and 2/max(ii)(a, e), while in the case Ad, all the functions ?/max(ox+)(a, e), 
2/max(d)(a, e), ymin(h)(a, e), and ymax(h)(a, e) have to be related. The function 
2/max(d)(a7 e) is parametrically given by «ex(d)(^'^) ^^"^ yd{r;a,e). The functions 
2/min(h)(a, e) and yi„ax(h)(a, e) are parametrically given by al^^^^-^^r; e) and ?/h(r; a, e). 
All these functions are determined by a numerical code. 

(B) 3/4 < e2 < 1 

(a) < a2^^^(^(i^)) = 1 - 6^ (equivalent to Aa) 

(b) 1 - 6^ = aLx(z(h)) < a' < aex(z(cx)) (Fig-Sf) 

(c) ae'x(z(cx)) < < «Lf+ (Fig-Sk) 

(d) af„f+ < a2 < a2^^^(^^(i^))^ (equivalent to Ad) 

(e) <ax(ox(h))+ < a' (equivalent to Ae) 

In the case Bb, ymin(d)(a,e) have to be related to ymin(cx+)(ij e), and ymin(h)(a, e) to 
2/max(d)(a7 e), while in the case Be we have to relate ymax(d)(aje) to 2/min(h)(fli e), and 
2/min(ox+)(a, e) to ymax(d)(a,e). 



Equatorial photon motion in the KN spacetimes with A 7^ 



14 



(C) 1< e2 < 9/8 

(a) < aL(z(cx)) (Fig-Hh) 

(b) aL(,(e.)) < < «?„f+ (Fig.[l) 

(c) a2„f+ <a^< aLx(cx(h)) (Fig-El) 

(d) amax(cx(h))+ < (equivalent to Ae) 

In the case Ca we have to relate ymin(ii)(aj e) to ?/max(d)(o, e); in the case Cb we 
should consider relations of yinin(h)(a, e) with ?/max(d)(a, e), and of ?/min(cx+)(a, e) 
with ymin(d)(aj e) and ymax(d)(a; e); in the case Cc we have to relate ymin(h)(a, e) to 
2/max(d)(a, e), and ymax(cx+)(a, e) to ymax(h) (a, e). 

(D) 9/8 < 

(a) < <in(z(cx)) (Figm) 



(b) . , , ss < < a2 . , , (Fig.d) 

V ^ min(z(cx)) inin(cx(d)) V o i-jy 

(c) a^inf^^fdll < «^ (equivalent to Ae) 



min(z(cx)) 
'''niin(z(cx)) ^ "'inin(cx(d)) 

-'min(cx(d)) 

There is no variant in these cases. Note that in the special case of e = 1, the cases 
Ca-d are relevant with 

(r - 1)2 

yd{r; a, e) = (66) 

By using the classification criteria presented in the beginning of this section, we 
can show that there is 18 types of the behavior of the effective potential X± {r;y,a,e). 
We shall characterize all the classes, and the corresponding behavior of the effective 
potential. However, we shall determine and illustrate the corresponding range of the 
parameters y, a, e only for some selected classes. Of course, using the same procedure 
as for the selected classes, the corresponding distribution in the parameter space can 
be determined also for the remaining classes. We shall concentrate on the detailed 
distribution of the black-hole spacetimes, and will not consider the naked-singularity 
spacetimes. 

The starting point of our classification is separation of Kerr-Newman-de Sitter 
(y > 0) and Kerr-Newman-anti-de Sitter (y < 0) spacetimes. This basic separation 
reflects different asymptotic character of these spacetimes, which is represented by 
different asymptotic behavior of X± (r; y,a,e). For y > 0, a cosmological horizon exist 
behind which the spacetime is dynamic. The effective potential is well-defined up to 
the cosmological horizon. For y < 0, there is no cosmological horizon, and for r 00 
there is 

X± « ±-^. (67) 

Further, we have to separate the black-hole and naked-singularity spacetimes, i.e., 
we use the criterion of the number of event horizons representing reality limits of 
the effective potential. We give the discussion in full detail ~ the other cases will be 
considered in much briefer form. The event horizons are determined by the function 
yii{r] a, e). Due to the behavior of this function at r — > and r — > cx), at least one 
event horizon (cosmological) exist in spacetimes with > 0, > 0. The black-hole 
horizons can exist, ifyii{r; a, e) has local extrema. The relevant extrema of Oox(h)-i-(''' ^) 
are given by egx(gx(h) )-('') ^he branch lying under the curve e^^^^j-j^^^. Therefore, the 
relevant extrema of al^^^^-^^{r;e) exist for < |. In the hmiting case of e = 0, the 
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function aex(h)+('') maximum at rcrit = 1-61603, with a corresponding critical 

value of the rotation parameter corresponding to the marginal black-hole spacetime 



'3 + 2^/3' 



(7 + 4Vtj - ^ + = 1.21202, (68) 



and the critical value of the cosmological parameter 



ycrit 



16 


^{7 + 4V3)-3 




3 (7 + 4^3) 


^7 + 4^3+1 



0.0592. 



(69) 




12 3 




(a) 



(b) 
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(k) 



(1) 



Figure 4. Different types of the functions yh{f\ a, e) (dotted curves), yex_±{r; a, e) 
(solid curves), yd{^\ ij e) (dashed curves) determining the behavior of the 'effective 
potential' of the photon equatorial motion. The cases illustrated in figures (a)— (1) 
are governed by the behavior of the functions a^(r) and a^(e^); see Section [31 
where the situations not explicitly illustrated by the sequence of figures (a)— (1) 
are discussed, (a) = 0.5, = 0.16, (b) = 0.5, = 0.36, (c) = 0.5, 
= 0.49, (d) e2 = 0.5, = 0.64, (e) = 0.5, = 0.81, (f) = 0.95, 
= 0.06, (g) = 0.95, = 0.1, (h) = 1.1, = 0.001, (i) = 1.1, 
= 0.01, (j) = 1.1, = 0.02, (k) = 1.5, = 0.1, (1) = 1.5, = 4. 



If < < |, the critical value amax(cx(h))(^)' governing an inflex point of yii{r;a,e), 
is determined by e^^(^^(ij))_(r). For < amax(ex(h))('5)' ^^'^ function yh(?'; a, e) has two 
local extrema 2/min(h)(a, e) and yinax(h)(ii e), determined by (PT|) and (fT5|) . with a given 
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0.2 

. 4 
0.6 2 
0.8 a 







Figure 5. Parameter space (y-a^-e^) of the Kerr— Newman spacetimes witii a 
non-zero cosmological constant separated into parts corresponding to the black- 
hole and naked-singularity spacetimes, respectively. The boundary between these 
states is given by the functions ?;niax(h) fi) ^i^d ymin(h)('^) determined by a 
numerical code. The black-hole spacetimes can exist for any asymptotically anti- 
de Sitter spacetime {y < 0), while for de Sitter spacetimes {y > 0), they are 
restricted by the upper limit j/max = 2/27. In the limiting case, y = i/max, we 
obtain a Reissner-Nordstrom— de Sitter extreme black hole with = 9/8 (and 
a? = 0). 



value of the parameter e. For a? — amax(cx(h))(^)' these extrema coincide at ?/crit(e) 
which is the hmiting value for black-hole spacetimes with a fixed parameter e. The 
black-hole spacetimes exist for yh(min){a, e) <y < 2/h(max) (a, e). li y = 2/min(h)(a, e), 
the two black-hole horizons coincide and the geometry determines an extreme black 
hole; for y < ?;min(h) {cl, e) it determines a naked singularity. Certain kind of 'instability' 
occurs at ?;max(h)(Q'i e). If y = ymax(h)(o.i e), the outer black- hole and cosmological 
horizons coincide, keeping the role of the cosmological horizon in a spacetime with an 
extreme black hole. For y > ?/max(h)(a; e), the geometry describes a naked singularity, 
and the cosmological horizon is determined be the branch of yh{r;a,e) determining 
the inner black-hole horizon for y < i/max(h)(a, e). The Kerr-Newman-anti-de Sitter 
black holes correspond to the range of parameters 

yinin(h)(a, e) < y < 0. (70) 

Distribution of black-hole and naked-singularity spacetimes in the parameter space 
is given by the functions j/min(h)(flj e), ymax(h) (^i e), and can be determined by a 
numerical code. The results are given in Fig.jK] We can see that black-hole spacetimes 
can exist for all values of the attractive cosmological constant {y < 0), contrary to 
the case of repulsive cosmological constant {y > 0), when black-hole spacetimes must 
have y < -^f. The extremal value of y — corresponds to the extreme Reissner- 
-Nordstr6m~de Sitter geometry with the extremal value of = | (and = 0) 'W. 

Note that in the special case of the Schwarzschild spacetimes (a^ — — 0) with 
y ^ 0, there is y^ —00 for r ^ 0. Then the black-hole and cosmological horizon 
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exist for < y < j/crit ~ 57- They are determined by the relations 
2 7r + ^ 



rh = 



cos ■ 



cos ■ 



"3 



where 



(71) 
(72) 

(73) 



If y > the spacetime is dynamic at ah r > 0, and represents certain kind of naked 
singularity. On the other hand, in any Schwarzschild-anti-de Sitter geometry with 
y < there is a black-hole horizon located at rh determined by the relation 

1/3 

rh = 



1 

27^ 



1/2- 



1/3 



1 

27^ 



1/2- 



1/3' 



(74) 



Clearly, rh ^ 2 for y ^ 0, while rh — > for y —00. 

The other criterion of the classification is given by the number of divergent points 
of the effective potential X±{r; y, a, e). There exist Kerr-Newman-de Sitter black-hole 
spacetimes with an unusual property of the effective potential, namely with a restricted 
repulsive barrier allowing photons with high positive-valued and any negative-valued 
impact parameter X to move freely between the outer black-hole and cosmological 
horizons. These spacetimes were extensively studied in [S]. Their character is a non- 
standard one, because from the photon motion in other black-hole spacetimes we are 
accustomed to the existence of a divergent barrier repelling photons with high values 
of impact parameter. Really, if j/ = 0, the effective potential diverges at the horizons 
and at infinity in the spherically symmetric Schwarzschild and Reissner-Nordstrom 
black- hole spacetimes. When the rotation is 'switched on', i.e., in the Kerr and Kerr- 
-Newman black-hole spacetimes, the effective potential is finite at the horizons, but 
it diverges at infinity and at some loci between the horizon and infinity. In the case 
of spherically symmetric Schwarzschild-de Sitter and Reissner-Nordstrom-de Sitter 
geometries, the effective potential diverges at the horizons again, as can be inferred 
directly from the formula 

X±{r;y,e)^T^- (75) 



Therefore, in all these cases, a repulsive barrier does exist for photons with a high 
magnitude of the impact parameter. 

The black-hole spacetimes with a restricted repulsive barrier must have the cos- 
mological-constant parameter in the interval 

(a, e) <y < ?/max(h)(a, e). (76) 

Using a numerical code, the region of the parameter space corresponding to these 
spacetimes can be determined. The result is shown in Fig. [51 

Extension of the region of the parameter space corresponding to the Kerr- 
-Newman-de Sitter black-hole spacetimes with the restricted repulsive barrier of the 
photon motion depends strongly on the parameter e. The region is suppressed with 
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Figure 6. Parameter space of the Kerr-Newman— de Sitter black-hole spacetimes 
separated into classes la+IIa (with divergent repulsive barrier) and Ib+IIb (with 
restricted repulsive barrier, see below). The boundary surface, determined by 
a numerical code, is given by the function 3/inax(d) illustrated by the light 

surface. 



increasing values of e, and it disappears for > |. We can easily find ^8^ that, 
for a — 0, the critical value ycrit(e), corresponding to the boundary between the 
black- hole and naked-singularity spacetimes, shifts from the value ycrit(e = 0) = ^ 
for the extreme Schwarzschild-de Sitter geometry to the value ycrit(e^ ~ |) ~ ^ 
for the extreme Reissner-Nordstrom-de Sitter geometry. We can intuitively expect 
such kind of behavior. Since the rotation parameter a is responsible for the existence 
of the restricted repulsive barrier, we understand that the corresponding region of 
the parameter space will be largest for the smallest restrictions coming from the 
other parameter e. The minimal values of the parameter y, allowing the black-hole 
spacetimes with the restricted repulsive barrier are given by the common points of 
2/inax(d)(aj e) and ymin(ii)(a, e)- If e = 0, it reaches its minimum value 

yrrb(min)(e = 0) = 0.033185, (77) 

at the rotation parameter 

«nb(max)(e = 0) = 1.08316. (78) 

With e increasing, the value of ?;rrb(min)(e) also increases, while arrb(min)(^) decreases. 
Further, we should note that inspecting the geometries allowing the restricted repulsive 
barrier, we find that the radii of their outer black-hole and cosmological horizons must 
be comparable (see Fig. [7]). 

The values of yrrb(min)(6) E^re very high, and correspond to black holes with an 
enormously high mass parameter. Considering the recent estimate [H[T3] on the relict 
cosmological constant 

Ao - 87r X 0.65 pcrit 1.1 x 10"^^ cm~^ (79) 
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Figure 7. Illustration of dependence of the outer black-hole and cosmological 
horizon radii of the Kerr-Newman— de Sitter spacetimes with a restricted repulsive 
barrier on cosmological parameter y and rotation parameter a^. The light plane 
separates the Kerr-de Sitter spacetimes with divergent and restricted repulsive 
barrier. The cosmological parameter y is so high for these spacetimes that the 
horizon radii are comparable. 



we obtain the limit on the mass of black holes with restricted repulsive barrier to be 

M > M„b(o) 2 X IO^^Mq. (80) 

Of course, radically different estimates on the mass Afirb could be obtained for 
primordial black holes in the very early stages of expansion of the Universe, when 
phase transitions connected to symmetry breaking of physical interactions due to 
Higgs mechanism could take place. For example, the electroweak symmetry breaking 
at r ^ 100 GeV could correspond to an effective cosmological constant [H] 

Aow 0.028 cm"^ (81) 

and the related limiting mass is 

Mrrb(ow) 2.5 X 10^^ g - 1.3 X IO'^Mq. (82) 

The phenomenon of the restricted repulsive barrier is related to the fact that, similarly 
to the constants of motion E and also the impact parameters X or £ have other 
asymptotical meaning than we are accustomed to because of the asymptotically 
de Sitter structure of the spacetimes. Nevertheless, the physical meaning of the impact 
parameters X and £ can be given by their relation to directional angles as measured 
by physically well defined stationary observers located between the black-hole and 
cosmological horizons. It will be shown in the next section, how directional angles of 
captured and escaping photons measured by locally non-rotating observers, are related 
to the impact parameters having positive values for photons counterrotating relative 
to these observers. 

The last criterion for the classification of Kerr-Newman spacetimes with A 7^ 
is given by the local extrema of the effective potential, i.e., it is given by the number 
of the circular geodesies. 
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The behavior of the functions yex±(j';a,e) imphes that there are 0, 2, or 4 
circular photon orbits present in the Kerr-Newman spacetimes with y 7^ 0, except the 
situations corresponding to the existence of inflcx point of these functions. Because the 
local extrema of the functions y\i{r,a,e) and yex+{r,a,e) coincide, we can conclude 
that in spacetimes with both y > and y < two circular photon orbits always 
exist outside the outer black-holc horizon. Two additional circular photon orbits can 
exist under the inner black-hole horizon. On the other hand, in the field of naked 
singularities, there can exist no, two, or four circular photon orbits. Stability of the 
photon circular orbits against radial perturbation can be directly inferred from the 
effective potential. 

Now, we give the summary of the classification of the Kerr-Newman spacetimes 
with y according to the properties of the 'effective potential'. We make the basic 
separation according to the asymptotic character of the spacetime (and the potential). 
The numbers of the event horizons and circular photon orbits are considered as main 
criteria of the classification. The divergent points of the effective potential are used 
as an additional criterion. 

Kerr— Newman— de Sitter spacetimes (y > 0) 

la: Black holes with two photon circular orbits and a divergent repulsive barrier 
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(d) lib: y = 0.06, = 0.64, = 0.5 



Figure 8. Typical behavior of effective potential X± for Kerr-Newman-de Sitter 
black-hole spacetimes. Stability of the photon circular geodesies can easily be 
inferred from the character of the effective potential. The vertical bars of the same 
thickness as the curves are the vertical asymptotes at the points of divergence, the 
horizons are depicted as thick gray bars. In order to clearly display the structure 
of the curves (especially the existence/nonexistence of extremes), certain portions 
of them are vertically zoomed. 
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(b) IVa: y = 0.071, = 0.02, = 1.1 




(d) IVc: y = 0.068, = 0.02, e'' = 1.1 

lOOi — 




(f) Vb: y = 0.064, = 0.008, = 1.1 



(g) Vc: y = 0.0689, = 0.008, = 1.1 



Figure 9. Typical behavior of effective potential X± for Kerr-Newman-de Sitter 
naked-singularity spacetimes. Stability of the photon circular geodesies can easily 
be inferred from the character of the effective potential. The vertical bars of 
the same thickness as the curves are the vertical asymptotes at the points of 
divergence, the cosmological horizon is depicted as thick gray bar. In order to 
clearly display the structure of the curves (especially the existence/nonexistence 
of extremes), certain portions of them are vertically zoomed. 
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between the outer black-hole and cosmological horizons (Fig.[Hk)- Both circular 
orbits are unstable relative to radial perturbations, 
lb: Black holes with two photon circular orbits and a restricted repulsive barrier 
between the outer black- hole and cosmological horizons (Fig. [8)3). Both circular 
orbits are unstable. 

Ila: Black holes with four photon circular orbits and a divergent repulsive barrier 
(Fig.[51:). The innermost circular orbit is stable, the others are unstable. 

lib: Black holes with four photon circular orbits and a restricted repulsive barrier 

(Fig.[5Ji). The innermost circular orbit is stable, the others are unstable. 
Ill: Naked singularities with no circular photon orbit (Fig.lH^). 

IVa: Naked singularities with two circular photon orbits located above the divergent 
point (Fig.[3jD). The inner circular orbit is stable, the outer one is unstable. 

IVb: Naked singularities with two circular photon orbits located under the divergent 
point (Fig.[5J;). The inner circular orbit is stable, the outer one is unstable. 

IVc: Naked singularities with two circular photon orbits and three divergent points 
(Fig.[HJi). The inner circular orbit is stable, the outer one is unstable. 

Va: Naked singularities with four circular photon orbits located above the divergent 
point (Fig. [5)3). Two circular orbits are stable, the others are unstable. 

Vb: Naked singularities with four circular photon orbits located under the divergent 
point (Fig.inf). Two circular orbits are stable, the others are unstable. 

Vc: Naked singularities with four circular photon orbits and three divergent points 
(Fig.Efe). Two circular orbits are stable, the others are unstable. 

Kerr Newman— anti-de Sitter spacetimes {y < 0) 

VI: Black holes with two photon circular orbits (Fig.fTUb). Both circular orbits are 
unstable. 

VII: Black holes with four photon circular orbits fFig.llOb). The innermost orbit is 
stable, the others are unstable. 

VIII: Naked singularities with zero circular photon orbits fFig.fTTk). 




Figure 10. Typical beiiavior of effective potential X± for Kerr-Newman— anti- 
-de Sitter black-holes. Stability of the photon circular geodesies can easily be 
inferred from the character of the effective potential. The vertical bars of the same 
thickness as the curves are the vertical asymptotes at the points of divergence, 
the black-hole horizons are depicted as thick gray bar. 
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(a) VIII: y = -0.05, = 0.1, = 1.5 




(b) IXa: y = -0.01, = 4.0, = 1.5 



1 
(c) IXb: y = 



-0.01, = 0.64, = 0.5 




(d) Xa: y = -0.001, = 0.001, = 1.1 



lOOx zoom 
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r 
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(e) Xb: y = -0.014, = 0.06, e 



0.95 



Figure 11. Typical bciiavior of effective potential X± for Kerr-Newman— anti- 
-de Sitter naked-singularity spacetimes. Stability of the photon circular geodesies 
can easily be inferred from the character of the effective potential. The vertical 
bars of the same thickness as the curves are the vertical asymptotes at the points 
of divergence. In order to clearly display the structure of the curves (especially 
the existence/nonexistence of extremes), certain portions of them are vertically 
zoomed. 



IXa: Naked singularities with two circular photon orbits (Fig. lllb ). The inner circular 
orbit is stable, the outer one is unstable. 

IXb: Naked singularities with two circular photon orbits and two divergent points 
(Fig.fTTb). The inner circular orbit is stable, the outer one is unstable. 

Xa: Naked singularities with four circular photon orbits (Fig. llld ). Two inner orbits 
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are stable, two outer orbits are unstable. 

Xb: Naked singularities with four circular photon orbits and two divergent points 
(Fig.fTTb). Two inner orbits are stable, two outer orbits are unstable. 

Now we determine regions of the parameter space corresponding to the black- 
hole spacetime classes defined above. Region of the parameter space corresponding to 
black holes is given in Fig.dH (classes Ia,b and IIa,b, for spacetimes with a repulsive 
cosmological constant) and in Fig. [13] (classes VI and VII, for spacetimes with an 
attractive cosmological constant). For the Kerr-Newman-de Sitter black holes with 
four photon circular orbits (classes IIa,b), the parameter space is determined by the 
condition 

< ymin(h) <y < Z/max(ox+) < ymax(h)j (83) 

where ymax(ex+) corresponds to yex(ox+)j i-e., to the maxima of the function ?/cx+(?'; a, e) 
taken at r = |e^. They are determined by the '+' branch of the function (f64|) . (Note 
that the conditions determining black-hole spacetimes with a restricted and divergent 
repulsive barrier are given by the relation (j73p . and the distribution of black- hole 




(c) 

Figure 12. Parameter space of the Kerr-Newman— de Sitter black-hole space- 
times separated into classes Ia,b and IIa,b. The distribution in the parameter 
space y-o?-e^ is represented by three qualitatively different = const slices of 
the space, since the 3D plot with three different surfaces looks rather messy. The 
typical sections are given for (a) = 0.3, (b) = 0.8, (c) = 1.0. In the 
cases (b) and (c), the intersection points of ymax(cx+) (dotted curve) and j/niin(h) 
(full curve crossing the a? axis) are explicitly shown. Dashed curve separates 
spacetimes with divergent and restricted repulsive barrier. 
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Figure 13. Parameter space of the Kerr— Newman-anti-de Sitter black-hole 
spacetimes separated into regions corresponding to the class VI and VII in a 
3D diagram. We use the logarithmic scale on the j/-axis because black-hole 
states are allowed for all negative values of y. The light surface (s/niin(h)) 
separates black-hole and naked-singularity spacetimes, while the dark surface 
(ymax(ex+)) Separates spacetimes allowing different number of circular photon 
orbits. Note that the function J/max(ox-|-) diverges for — > 0. (For — + 0, 
there is 3/niax(ex-|-) ((^i ~* +00.) The surface ymax(ox+) ('^i intersects the y = 
plane at the curve '^^^(^{ox)) (^'^^ separating the Kerr-Newman spacetimes with 
different number of circular photon geodesies (bold curve) . The part of the surface 
?/max(ex-|-) (f^i at Small values of is not visualized. It enables to show the 
intersection of the surfaces ?/max(cx-|-) ('"i ^-i^d 2/min(h) (<^: s)- 



spacetimes in the parameter space is given completely.) For the Kerr-Newman-anti- 
-de Sitter black holes with four photon circular orbits (class VII), the parameter space 
is determined by the condition 

ymin(h) < y < 2/max(ox-F) < 0, (84) 

together with the condition (|49p which guarantees that the extremum of Ucx+if', a, e) 
at r = is a maximum. Black holes of class VI (with two photon circular orbits) 
are determined by the condition 

<y<0, (85) 

if relation (jH]) is valid; if < a?^f_^_{e), the spacetimes of class VI are determined by 
the relation 

yinin(h) < y < 0. (86) 

For the classes of the naked-singularity spacetimes, the parameter space can be divided 
into the corresponding separated parts in an analogous manner. 

4. Directional angles of photons in black-hole spacetimes with a repulsive 
cosmological constant 

In order to understand the character of the spacetimes with a restricted repulsive 
barrier, we investigate the behavior of directional angles of equatorial photons as 
measured by a family of stationary observers in these spacetimes. We determine 
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properties of photon escape/capture cones, and relations between the directional angle 
of a photon and its impact parameter. It is useful to compare the results with the 
situation held in the spacetimes with a divergent repulsive barrier, and, especially, 
with the case of pure Kerr black hole. Because the effects are caused by the rotation 
parameter of the spacetime, we put e = for simplicity. 

The most convenient family of local stationary observers in the rotating back- 
ground is the family of locally non-rotating observers, introduced by Bardeen |15j . In 
the Kerr-de Sitter spacetimes, the tetrad of differential forms corresponding to this 
family of observers is given by 

...,.(^)-^,, ,s, 

2 \ 1/2 



2 \ 1/2 



ae, (89) 

^(^)^ AV2 sing (90) 



where 



A^ir^ +aY -a^^r, (91) 
and the angular velocity of such observers 

n^n{r,e;y,a) = — ^ -■ (92) 

We can convince ourselves easily that both the functions A and are positive at the 
stationary regions of the spacetime at r > 0. For completeness, we present also the 
tetrad of vectors dual to the differential forms: 

PA f d 



(94) 

A.\^/^ d 



Locally measured components of photon's 4-momentum = dx'^/dA, are given by 
projections onto the tetrads: 

p(^,^p^ef^^. (97) 

The locally measured components are then related in the simple special-relativistic 
way, 

P^'^ = -P(ty, P^*^=P(0). (98) 
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Now we shall restrict our attention to the equatorial motion of photons. The 
directional angle tjj of these photons, related to the outward radial direction is generally 
determined by the relations 



pir) 



(99) 
(100) 



In terms of the impact parameter X, the equatorial components of photon's 4- 
momentum are given by 





dr 
" dA 




- aX)2 - ArX^, 




~ dA 


P 


x + 


a {P - aX) ' 






dt 


P 


aX + 


[P + a^){P 


-aX) 


~ dA 




A, 





(101) 
(102) 

(103) 

where the +(— ) sign in Eq. (|10ip corresponds to the outward (inward) photon's 
motion. Then we arrive at 

/ 



P 



(r) 



±- 



and 



sin^/; 



Ir 
I f A 

a: 



— ^{r^-aXf 



-I 

r 

(X + a), 
1/2 



A.X2 



[l-f}(X + a)], 



r2Ay'(X + a) 



A\\-VL(X + a)\ 



cosip — ± 



aX) 



A.X2 



A^P[1 - n{X + a)] ' 
or in terms of impact parameter £, we find the relations 



sin?/; 



A{i - my 



C0S1/' = ± 



v/l-2r2^ + A-i(a2- Ar)^2 



(104) 
(105) 
(106) 

(107) 
(108) 

(109) 
(110) 



1 - m 

The angular velocity of the locally non-rotating frames ri(r, 9 — 7r/2; y, a) is given by 
Eq. ([5^ . Now we are able, using the properties of the radial motion, to determine 
equatorial sections of photon escape (capture, respectively) cones. It is useful to invert 
the relations ()107p and ()109p . and write 

A{1 - aVL)simP -PaAl'^ 



and 



X{ip]r,y,a) 
e{ip;r,y,a) = 



An sinV' + r^A^^ 
Asiiiip 



Ail sinV' + r'^Ar 



1/2- 



111 



(112) 
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Figure 14. The dependence of photon's impact parameter X{ip; r, y, a) on the 
directional angle ^ measured relative to the outward direction in the locally non- 
rotating frames. The dependence is illustrated in three typical cases which are 
possible in the Kerr-de Sitter black-hole spacetimes. (a) y = 0.036, = = 0, 
r = 3 — sinus-like symmetric shape; (b) y = 0.036, = 0.16, e'^ = 0, r = 3 - the 
shape is distorted, but the function remains continuous; (c) y = 0.036, = 0.49, 
= 0, r = 3.5 - if the restricted repulsive barrier occurs, discontinuities appear 
in the function X{tp; r, y, a). 



We can immediately see that, as expected, for the radially directed photons with 
ijj = 0, or ip — TT, the impact parameter ^ = 0, and X — ~a. 

The function X{4!',r,y,a) (or £{ip;r,y, a)) enables us to determine photon 
escape (or capture) cones in a straightforward way by using the effective potential 
X±(r; y, a) of the radial motion. The escape cones are given by the directional angles 
corresponding to the marginally escaping photons having the impact parameters Xc 
corresponding to the unstable circular photon orbits (see Fig. fn)) . 

In order to understand the nature of the black-hole spacetimes with a restricted 
repulsive barrier, it is important to notice that there can exist two angles ^d± 
symmetric with respect to tp = 37r/2, for which the function X{tp;r,y,a), or the 
function i(ijj;r,y,a), diverges. The photons counterrotating relative to the locally 
non-rotating observers at directional angles ip € {ipd- , 4^6+) have positive impact 
parameter X (or £) , contrary to the situations we are accustomed to from non-rotating 
backgrounds. The angles of divergence are determined by the relation 

^^"'^'^^ = -^n- = a[yrHr^+a^) + 2r] " ^^^^^ 

Of course, they exist only if the condition jsini/'dil < 1 is satisfied. This condition 
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implies inequality 

[r-2-yr (r^ + a^)] [r^ + a^{r + 2) + ya^r (r^ + a^)] < 0. (114) 

However, the condition X+{r; y,a) > implies the inequality 

r[r-2-yr{r'^ + a^)] < 0. (115) 

Thus, we can conclude that the angles of divergence occur just at those regions 

of rotating spacetimes, where the effective potential of the radial photon motion 




{Figure continued) 
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{Figure continued) 
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r = 4.2 ^ = 4-29 = rc,2 - S r = 6 r = 25 = 100 = '''c.l - <5' 




Figure 15. Sectors of captured (dark gray) and escaping (white) equatorial 
photons for several values of the radius of a LNRF observer for fixed = 0, 
= 0.81, and (1) y = (pure Kerr, top rows), (2) y = 0.03 (Kerr-de Sitter 
with 'ordinary' divergent barrier, middle row), (3) y = 0.04 (Kerr-de Sitter with 
restricted repulsive barrier, bottom row, if any). The upper and bottom half-pies 
correspond to corotating and counterrotating equatorial photons, respectively. 
Small light gray sectors (if present) mark the interval in which the impact 
parameter X{a) of the counterrotating equatorial photons is positive. In all the 
cases above, S refers to an appropriately small number. The values of the radii 
rij_|_ of the outer black-hole horizon, the radii r-min— of the local minima of X— , 
the radii rinax+ of the local maxima of X+ , and the radii rc of the cosmological 
horizon, are summarized in Tabled 



Table 1. The values of the radii rij_|_ of the outer black-hole horizon, the radii 
of the local minima of X—, the radii rmax-i- of the local maxima of X^, 
and the radii rc of the cosmological horizon (see Fig. ll5| l. 



Case 


y 


Outer BH 


Radius of the local 


Radius of the local 


Cosmological 






horizon 


minimum of X— 


maximum of X+ 


horizon 


1 





rh+_i = 1.435890 


r„,in-,i = 1.557855 


r-max+,1 = 3.910268 


T-c,l = OO 


2 


0.03 


'■h+,2 = 1.728078 


rmm-,2 = 1.859046 


r-max+,2 = 3.201891 


rc,2 = 4.298185 


3 


0.04 


rh+_3 = 1.931337 


rmin-,3 = 2.045904 


r-max+,3 = 2.886223 


rc,3 = 3.302544 



X-|_(r;y,a) > 0. Such situation appears in the Kerr spacetimes between the outer 
horizon and the surface r = 2. In the Kerr-de Sitter black-hole spacetimes with a 
divergent repulsive barrier it appears at the vicinity of both the outer black-hole and 
cosmological horizons, while in the black-hole spacetimes with a restricted repulsive 
barrier it appear everywhere between the black-hole and cosmological horizons. 

In the case of Kerr black-holes the divergent angles are located inside the photon 
capture cone. For Kerr-de Sitter black holes with a divergent repulsive barrier, 
the angles of divergence are located inside the photon capture cone in vicinity of 
the black-hole horizon, while they are located inside the photon escape cone in 
vicinity of the cosmological horizon. For Kerr-de Sitter black-hole spacetimes with 
a restricted repulsive barrier, a new phenomenon arises: region between the angles 
of divergence enters both the escape and capture cones at each radius between the 
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5. The azimuthal motion 

The equation of the azimuthal motion in the equatorial plane can be written in the 
form 

^ = ^[(A.-a^)X + ar^]. (116) 

Therefore, turning points of the azimuthal motion (where d(j)/dX — 0) are determined 
by the condition 

X ^X^{r;y,a,e)= ^ . (117) 

There is only one zero point of X^{r;y,a,e), which is located at r = for any 
values of parameters y, a, e. Divergences of ^^(r;?/, a, e) are determined by the 
relation 

— 2r + 

yd{4,){r;a,e) = — — = yd{r;a,e). (118) 
^ ' r^(r^ + a^) 

Therefore, the divergent points of X^ir^y^a^e) coincide with the divergent points of 
X_|_(r; y, a, e). Since 

OXa, 2ar , a n-. /,.„n 




Figure 16. The turning points of the azimuthal equatorial motion of photons. 
The function X^{r;y,a,e) (dashed curve) is drawn along with the effective 
potential of the radial motion (r; y, a, e) (solid curve) and X— (r; y, a, e) (dotted 
curve). The turning points of the azimuthal motion can appear only in regions 
where X+(r;y, a, e) < 0. This example is drawn for y = 0.036, = 0.49, 
= 0.5 (class la); the horizons are depicted as thick gray bars. The portion 
below the inner black-hole horizon is vertically zoomed to enable distinguish the 
curves clearly. 
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Figure 17. Trajectories of tlie equatorial plioton motion obtained by numerical 
solving the equations of motion. The two ujjper rows depict the trajectories in 
the region between the outer black-hole and cosmological horizons, the bottom 
row depicts the trajectories in the region beyond the cosmological horizon. The 
trajectories with both r and (p monotonously increasing/decreasing are collected 
in the left column, the trajectories with turning point only in <l> are collected in the 
middle column, and trajectories with turning points both in r and (p are collected 
in the right column (note that there is no such trajectory beyond the cosmological 
horizon). The values of spacetime parameters are y = 0.036, = 0.49, = 0.5 
(class la), the value of impact parameter X and the initial conditions are the 
following. The two top rows - X = -10 (left), X = -30 (middle), X = -50 
(right), the top row has ro = rij-|- + 5, ro > 0, the middle row has ro = Tc — S, 
ro < 0. The bottom row - X = 30 (left), X = 10 (middle), ro = Tc + S, ro > 0. 
(Here, S refers to an appropriately small number.) 
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the extrema of X(j,(r; y, a, e) are given by the relation independent of the parameter a 



We can write 



9 

T — e 

y = ycyi(4>){r]e) = (120) 



X0(r;?/,a,e) = —X+{r;y,a,e). (121) 

a + vAr 



Because a/(a + V Ar) < 1, we can conclude that 

X^{r] y, a, e) < X+{r; y, a, e), (122) 

so that the turning points of the azimuthal motion must be located in the regions 
forbidden by the conditions of the radial motion, if X+ > 0. However, they can exist 
in the regions where X+ < 0. 

We give an example of the behavior of the function Xij, (and function X±) in the 
case of the spacetimes of the class la in Fig.lTHl 

By combining the azimuthal equation of motion (|116p with the radial one (jlOp . 
we obtain the equation for trajectories of the equatorial motion in the form 

d0^^/ {Ar-a^)X + ar^ 

dr Ar y/{a^ - Ar)X^ -2ar^X + r^' 

the +(— ) sign corresponds to the outward (inward) motion. The trajectory equation 
was integrated for typical values of the impact parameter X in the case of spacetimes 
of the class la. (The integral (|123p can be expressed in terms of elliptic integrals, 
but the expressions are too complex.) We illustrate the typical trajectories in Fig.fTTl 
notice the most interesting trajectories with the turning point of the azimuthal motion, 
which can be both with or without the turning point of the radial motion. 



6. Concluding remarks 

The analysis of the effective potential of the radial motion of photons in the equatorial 
plane of the Kerr-Newman spacetimes with a non-zero cosmological constant enables 
us to separate these spacetimes into eighteen classes according to qualitatively different 
character of the effective potential reflecting appropriately the properties of the 
geometry. 

From the behavior of the effective potential, one can easily achieve some general 
conclusions about the equatorial photon motion. 

(i) In any class of the Kerr-Newman spacetimes with y ^ the ring singularity (at 
r = 0, 9 — 7r/2) can be reached by photons with impact parameter X = (or 
£ — a). No other photons can reach the ring singularity. 

(ii) Outside the outer black-hole horizon, two unstable photon circular orbits always 
exist. Additional two circular photon orbits can exist under the inner horizon, the 
innermost being stable, the other being unstable. This behavior holds for both 
asymptotically de Sitter, and anti-de Sitter black holes. Naturally, this property 
holds also for the Kerr-Newman spacetimes with y = 0. 

(iii) There can exist naked-singularity spacetimes (with both y > 0, y < 0) containing 
no circular photon orbit. 

(iv) If the naked-singularity spacetimes contain four (or two) circular photon orbits, 
then two (one) of them are stable, while the others are unstable. 



Equatorial photon motion in the KN spacetimes with A 7^ 



36 



(v) In some parts of the field of rotating black holes, there exists an unusual relation 
between directional angles of equatorial photons as measured by locally non- 
rotating observers, and their impact parameters. Namely, locally counterrotating 
photons have positive values of the impact parameter. In the field of Kerr black 
holes, this phenomenon is limited to vicinity of the black- hole horizon and all such 
photons must be captured by the black hole. For the Kerr-Newman-de Sitter 
holes with a divergent repulsive barrier, this phenomenon is limited to vicinity 
of the black-hole horizon (with all such photons being captured by the hole) and 
to vicinity of the cosmological horizon (with all such photons escaping through 
the cosmological horizon). However, for the Kerr-Newman-de Sitter holes with 
a restricted repulsive barrier, this phenomenon appears at all radii between the 
black-hole and cosmological horizon, and at all radii such photons are partly 
captured by the hole and partly escape through the cosmological horizon. Further, 
the existence of the restricted repulsive barrier is directly related to the fact that 
photons with positive impact parameter X can be counterrotating relative to the 
locally non-rotating frames in the complete stationary region between the outer 
black-hole and cosmological horizons. All photons with positive impact parameter 
lying above the restricted repulsive barrier are counterrotating in locally non- 
rotating frames. We probably could expect special optical effects connected with 
the restricted repulsive barrier of the photon motion. 

(vi) A restricted repulsive barrier exists also for the non-equatorial motion of photons 
in the Kerr-Newman-de Sitter black hole spacetimes with a restricted repulsive 
barrier of the equatorial photon motion. One can see it directly, if along with 
the parameter X a new impact parameter q is introduced in such a way that it 
disappears for the equatorial motion. The effective potential of the radial motion 
can then be given in the form 1171 



X±{r;q,y,a,e) = ^ . 124 

— 

Clearly, the properties of divergent points of this function are just the same as 
for the effective potential of the equatorial photon motion. 

The classification of the Kerr-Newman spacetimes with y ^ 0, introduced in the 
analysis of the equatorial photon motion, can be useful also for the analysis of 
the non-equatorial photon motion. Particularly, the phenomena of the restricted 
repulsive barrier is also relevant for the non-equatorial motion. 
A combined discussion of the radial and latitudinal motion enables us to determine 
photon escape cones of local observers, and, further, to make calculations of 
various optical phenomena. 

(vii) Turning points of the azimuthal motion can occur only at the region, where 
the inequality X+(r;?/, a, e) < holds. Trajectories with an azimuthal turning 
point can also have a radial turning point. Trajectories of photons beyond the 
cosmological horizon can have a turning point of the azimuthal motion, however, 
naturally, no turning point of the radial motion. 
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